NORMALITY OF ORBIT CLOSURES FOR DIRECTING 
MODULES OVER TAME ALGEBRAS 



GRZEGORZ BOBINSKI AND GRZEGORZ ZWARA 

Abstract. We show that the orbit closures for directing modules 
over tame algebras are normal and Cohen-Macaulay. The proof is 
based on deformations to normal toric varieties. 



1. Introduction and the main results 

Throughout the paper k denotes a fixed algebraically closed field. 
By an algebra we mean an associative fc-algebra with identity, and by 
a module a finite dimensional left module. Furthermore, for an algebra 
A, mod A stands for the category of finite dimensional left A-modules. 
By N and Z we denote the sets of nonnegative integers and integers, 
respectively. Finally, if i and j are integers, then by [i,j] we denote the 
set of all integers k such that i < k < j. 

Let dhe a. positive integer and denote by M(d) the algebra of d x ci- 
matrices with coefficients in k. For an algebra A the set modyi((i) of 
the y4-module structures on the vector space k'^ has a natural struc- 
ture of an affine variety. Indeed, if A ~ k{Xi, . . . , Xt)/I for t > and 
a two-sided ideal /, then modA{d) can be identified with the closed 
subset of (M((i))* given by the vanishing of the entries of all matrices 
p{Xi, . . . , Xf) for p E I. Moreover, the general linear group GL{d) 
acts on mod A^d) by conjugations and the GL((i)-orbits in mod A^d) 
correspond bijectively to the isomorphism classes of (i-dimensional left 
A-modules. We shall denote by Om the GL((i)-orbit in mod A^d) corre- 
sponding to (the isomorphism class of) a rf-dimensional module M in 
mod A. It is an interesting task to study geometric properties of the 
Zariski closure Om of Om- 

The above problem can also be formulated in terms of representations 
of finite quivers instead of modules over algebras. Here, by a finite 
quiver S we mean a finite set Sq of vertices and a finite set Si of arrows 
together with two maps s, t : Si ^ So, which assign to an arrow its 
starting and terminating vertex, respectively. Let d = {dx)xeT:o ^ 



Date: February 1, 2008. 

1991 Mathematics Subject Classification. Primary 14L30; Secondary 16G20. 
Key words and phrases, module variety, directing module, tame algebra. 



2 



GRZEGORZ BOBINSKI AND GRZEGORZ ZWARA 



be a dimension vector and let M(m, n) denote the space of m x n- 
matrices with coefficients in k. The affine space 

reps(d) = Yl M{dta,dsa) 

is called a variety of representations of S. The product GL(d) = 
riieSo GfL(c?a:) of general linear groups acts on rep2(d) by conjugations: 

g-V ^ {gtaVag7a)aei:i 

for g = {gx)xei:o ^ GL(d) and V = (K)aGEi e reps(d). The orbit 
of y e rep2(d) with respect to this action is denoted by Oy, and 
its closure by Oy- In fact, the module varieties and varieties of rep- 
resentations of quivers are closely related to each other (sec [7] for 
details). In particular, for any algebra A there is a uniquely deter- 
mined quiver E (called the Gabriel quiver of A) such that for each 
d > 1 and M G mod^((i) there are a dimension vector d G and 
V G rep2(d) such that Om is isomorphic to the associated fibre bundle 
GL{d) XGL(d) Hence Om is normal, Cohen-Macaulay, unibranch 
or regular in some codimension if and only if Oy is. 

The orbit closures are normal and Cohen-Macaulay varieties (with 
rational singularities in characteristic zero) provided S is a Dynkin 
quiver of type A„ or D„ ([5,6]), or A is a Brauer tree algebra ([13]). 
Moreover, they are regular in codimension one if S is the Kronecker 
quiver ([!]), or ^4 is a representation finite algebra ([16]), i.e., a set 
ind A of chosen representatives of isomorphism classes of indecompos- 
able A-modules is finite. Another result states that the variety Om 
is unibranch if there are only finitely many modules U in ind A such 
that there is a monomorphism from U to for some i > ([17]). On 
the other hand, there exists an orbit closure in reps((3, 3)), where E is 
the Kronecker quiver, which is neither unibranch nor Cohen-Macaulay 
(see [15]). 

We say that an algebra A is tame if we can chose ind A in such 
a way that for every d > all d-dimensional modules in ind A can 
be described by finitely many one-parameter families. According to 
Drozd's Tame and Wild Theorem ([11], see also [10]) there is a chance 
to classify modules only for tame algebras. An indecomposable module 
M in mod A is called directing if there exists no sequence 

M = Mo ^ Ml ^ ^ Mm-i ^Mm^M 

in mod A, where m > 0, Mi, . . . , M^_i belong to ind A and fi,...,fm 
are nonzero nonisomorphisms. Bongartz investigated from the geomet- 
ric point of view a special class of directing modules, so called prepro- 
jective ones (see [8, Proposition 6]). Further results in this direction 
were obtained by Skowrohski and the first author in [3] (see also [2] for 
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the case of decomposable directing modules). The main result of the 
paper is as follows. 

Theorem 1.1. Let M be an indecomposable directing module over a 
tame algebra. Then the variety Om is normal and Cohen- Macaulay. 

Using [3, Theorem 2] (see [4, Proposition 2.4] for the correct list of 
algebras) and the geometric equivalence described in [7] we get that Om 
is isomorphic to the associated fibre bundle GL{d) XGL(d) C^p, where 
either Op is a normal complete intersection, or up to duality, P is 
defined as follows. Let < p < 5 < r < s < let A be the quiver 



1 P r+2 s+1 




(if some of the inequalities between 0, p, q, r, s and t are equalities, 
then we obtain the obvious degenerated version of the above quiver; 
see also a more detailed discussion about the definition of the quiver 
Q(p,q,r,s,t) after Proposition 2.3 in Section 2) and let d be the di- 
mension vector in whose (r + l)th coordinate equals 2 and the 
remaining coordinates are 1. Then P = P[p,q,r,s,t) is the point 
(-Pa)aGAi £ i'cp^(d) such that 

Pa^^, = [l 0], P«.^, = [-1 -1], P«.^3 = [0 1], 

P^^,, = [0 If, P„,,, = [l Of, 

and the remaining matrices Pa are equal to [1]. Hence Theorem 1.1 is 
a consequence of the following result. 

Theorem 1.2. Let P = P{p,q,r,s,t) for some integers < p < q < 
r < s <t. Then the variety Op is normal, Cohen-Macaulay, and has 
rational singularities in characteristic zero. 

The idea of the proof is to deform such varieties to toric normal 
varieties using the so-called Sagbi-bases (see [9, 12]). These normal 
toric varieties appear in the following theorem. 

Theorem 1.3. Let Q be a finite quiver without oriented cycles, let d 
be the dimension vector in N*^" with the coordinates equal to 1 and let 
V be the point o/repQ(d) given by the matrices equal to [1]. Then Oy 
is a normal toric variety. 

The paper is organized as follows. In Section 2 we prove Theorem 1.3 
and investigate the equations defining the toric varieties described in 
the theorem. Section 3 is devoted to the proof of Theorem 1.2. 
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2. TORIC VARIETIES 

Let Q be a finite quiver without oriented cycles and let d = ((ii)ieQo 
be the dimension vector in with all di equal to 1. Then the al- 
gebraic group GL(d) = riieQo ^* ^ torus and the orbit closures in 
repQ(d) are affine toric varieties (here we do not assume that toric va- 
rieties are normal). In particular, this holds for the orbit closure Oy, 
where V = (V^)aeQi is the point of repQ(d) with = [1] for any arrow 
a & Qi. Let = — Bga for a e Qi, where (ej)^^^^ is the standard 
basis of Z'5°. It follows from the definition of the action of GL(d) on 
repQ(d) that Oy corresponds to the cone 

aeQi 

which means that the algebra A';[(9v] of regular functions on Oy may be 
identified with the subalgebra of k[Ti,Tf^]i^QQ generated by T^", a e 
Qi, where for x = (a;j)jgQ(, G Z'^" we put = YiieGo'^i^' ■ According 
to this identification, A;[Oy] as a vector space has a basis formed by 
T^, x e Cq. It is well-known that an affine toric variety is normal if 
and only if the corresponding cone C is saturated, i.e., a lattice point 
X belongs to C whenever Ax G C for some A G N \ {0}. 

For a vector x = (a;j)jgQy G Z*^" and a subset F of Qo we abbreviate 
by xj? the sum ^jg^Xj. A subset F of Qo is called a filter in Q if 

sa e F =^ ta e F 

for any arrow a E Qi. Let Xq be the subset of all x G such that 
xqq = and xj^ > for any filter F inQ. Obviously Xq is a saturated 
cone. Hence Theorem 1.3 is a consequence of the following fact. 

Proposition 2.1. Cq — Xq. 

Proof. Obviously Cq C Xq. Let x = {xi)i(zQQ G Xq. In order to prove 
that X G Cq we proceed by a double induction, first: on the cardinality 
of Qo, and second: on the integer ^p^j^^p > 0, where T is the set of 
all filters in Q. 

Assume first that there is no arrow in Qi (for example, this holds if 
Qo has only one element). Then for any i G Qo, {0 i^ ^ filter in Q and 
thus Xi > 0. On the other hand, X^jgQ^ Xi — 0, which gives x = G Cq. 

Assume now that there is a proper nonempty filter F in Q such 
that Xi? = 0. Let Q' and Q" be the full subquivers of Q such that 
Qo = F and Qq = Qo\F. Then x = x' -|-x" according to the canonical 
isomorphism ~ Z'^o ® Z'^o. Observe that x' G Xq' and x" G Xq". 
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By the inductive assumption, x' e Cq/ and x" e Cq". Consequently, 

X e Cq/ © Cq. C Cq. 

Hence we may assume that Qi is nonempty and that x^^ > for any 
nonempty proper filter F in Q. Choose a e Qi and let y = x — e^. 
Obviously yg^ = 0. Since there are no oriented cycles in Q, there 
is a filter F in Q with to e F and sa ^ F. For any such filter 
Yi^^Xi;' — 1>0, while for the remaining ones Yf — > 0. Hence 
y e Xs and X^Fe^y-P < J^FeT^P- inductive assumption 

y e Cs, which gives x = y + e C5. □ 

Now we consider the problem of finding equations defining Oy- More 
precisely, we want to describe generators of the ideal Iqq , which is the 
kernel of the algebra homomorphism 

For w = {wa)aeQi e we define w+ = = («'a)aeQi e 

Z'^^ by 

— max{wa, 0} and w~ — max{— u^^, 0} for a & Qi. 

Let U : Tfi^ — > 7fi° be the group homomorphism such that V{{ia) = 
for a E Qi, where (fa)aeQi is the standard basis of Z'^^. Then Icq 
is generated by the binomials S'^^ — with w e Ker(W), where 
5^ = HieQi -^a" ^ = (^")"eQi e (sec [14, Lemma LI]). Note 
that Ker(W) consists of the vectors w = {WajaeQi ^ ^'^^ ^^^h that 

(1) ^Wa^^Wa for all i e Qo- 



In the case of toric varieties occurring in Theorem L3 we shall indicate 
a special finite subsets of Ker(W) for which the corresponding binomials 



Let Q* be the double quiver of Q, i.e., the quiver with the same set of 
vertices as Q and the set of arrows QiUQ^ , where = {a~ \ a e Qi} 
is the set of the formal inverses a~ of arrows a in Q with sa~ = ta and 
ta~ = sa. By a nonoriented path in Q we mean an oriented path in Q* 
which does not contain neither aa" nor a'a for a e Qi as a subpath. 
By a nonoriented cycle in Q wc mean a nontrivial nonoriented path in 
Q which starts and terminates at the same vertex. A nonoriented cycle 
is called primitive if it does not contain a proper subpath which is a 
nonoriented cycle. 

With a primitive nonoriented cycle (3i ■ ■ ■ Pi in Q we may associate a 
vector u = {ua)aeQi ^ the following way: 




generate the ideal Icq ■ 




1, 

-1, 
0, 



a — Pi for some i e [1, 1], 
a~ — Pi for some i e [1, 1], 
otherwise. 



a e Qi. 
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Note that u G Ker(W). Let Z be the set of all vectors obtained from 
primitive nonoriented cycles in Q in the way described above. Observe 
that Z — —Z, which means that — u e Z for any u e Z. Thus 
wc can choose a subset Z' of Z such that Z — Z' U {—Z') and Z' fl 
(—2') = 0. Note that the elements of Z' correspond bijectivcly to 
the equivalence classes of primitive nonoriented cycles in Q under the 
relation which identify a cycle with all its rotations and all rotations 
of its inversion (since these notions seem to be self-explained we will 
not give precise definitions here). Our next aim is to show that the 
binomials corresponding to the elements of Z' (hence to the equivalence 
classes of primitive nonoriented cycles in Q) generate Ker(Z^). We start 
with the following auxiliary observation. 

Lemma 2.2. IfwE Ker(W) is nonzero, then there exists u E Z such 
that u+ < w+ and u" < w" . 

Proof. Let w = {wa)aeQi be a nonzero element of Kei{U). We con- 
struct inductively an infinite nonoriented path cu — Pi/S^Ps • ■ ■ in Q, 
such that for each j > 1 either /3j = a for an arrow a G Qi with 
Wa > 0, or f3j = a~ for an arrow a G Qi with Wa < 0. Wc take an 
arbitrary arrow a E Qi with 7^ in order to define Assume 
now that is defined. If /3„ = a for a G Qi, then it follows from 
the equality (1) for i = to„ that there is an arrow a' a such that 
either sa' = ta and Wa' > 0, or ta' = ta and Wa' < 0. In the former 
case we put Pn+i = o:', and in the latter Pn+i = If Pn = for 
a G Qi, then we consider the equality (1) for i = sa and we define 
Pn+i in a similar way as above. Since the quiver Q is finite, there ex- 
ists a primitive nonoriented cycle which is a subpath of cu. The vector 
corresponding to this cycle satisfies the claim. □ 

Now we can prove the announced result. 

Proposition 2.3. Let Q be a finite quiver without oriented cycles 
and assume the above notation. Then the ideal Iqq is generated by the 
binomials 

Proof. Since 

if V = — u and u G ifi^ , it suffices to prove that if w = {wa)aeQi 
belongs to Ker(W), then S"" — belongs to the ideal generated by 
the binomials 

neZ. 

We proceed by induction on |w| = ^^gg^ I'li'al ^ 0. If |w| = 0, then 
w = and we are done. Otherwise by the previous lemma, there is a 
vector nE Z such that u+ < w+ and u~ < w~ . Then w+ = u+ -|- v+ 
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and w = u + V for v = w — u. Moreover, v e KeT[l4) and 
|v| = |w| — |u| < |w|. Since 

the claim follows by the inductive assumption. □ 

The above proposition gives us a finite set of generators of Icq- As 
we shall sec below, this set usually is not minimal. 

We restrict now our findings to a quiver Q of a special form. Let 
0<p<q<r<s<t. We define a quiver Q = Q{p, q, r, s, t) in the 
following way. IfO<p<g<r<s<i, then Q is the quiver 



r+l 




r+4 

If = p (p = g, g = r, r = s or s = respectively) then we cancel 
appropriate arrows and identify vertices and p (0 and g, and r, r + 5 
and t + 5, or s + 5 and t + 5, respectively). Thus in the most extremal 
case Q — p — q — r — s — t we get the quiver 



1 




4 



with 6 vertices and 10 arrows. 

Recall that f^j , . . . , f^j+n, is the standard basis of 29'^ . Let = f^^_^ . 
for i e [1, 10] and 

Ull = f[l,p], Ui2 = f[p+l,q], Ui3 = f[g+l,r-], 
Ul4 = f[r+ll,s+10]) Ui5 = f[s+ll,t+10] ) 

where f[jj] = Ylii&iij] fft ^r i, j e [1, i+10]. Observe that it may happen 
that Uj = for some i e [11, 15]. With the above notation Z' consists. 
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up to sign, of the following vectors: 



VI 




U2 -|- Uii U3 U12, 














V2 




U4 -|- U12 U5 Ui3, 














V3 




1 n„ 11-- 

Ui -|- Ug — U2 — U7, 














xr . 
V4 




n_ 1 11--, ii« 11^ 

U5 -|- Uio — Ug — Ug, 














V5 




U3 i- Ug i- U15 U4 


Ug 


Ul4, 










V6 




11- 1 11„ 1 11,- 1 ll-,_ _ 

Ul -|- Ug -|- Uii -|- U15 


— 1 1 J — 

U4 


_ 11 _ 

U7 


— 11-^ - 

U12 


1 1 - J 

Ul4, 






V7 




11^ 1 11 - „ 1 1 1 - „ 1 1 1 - _ 

U3 -|- Uio -|- U12 -|- Ui5 


— Ue 


— Ug 


~ U13 


— Ui4 






xr^ 




11- 1 ll-„ 1 11-- 1 ll-_ 

Ui -|- Uio + Uii -|- Ui5 


11 „ 


11— . 

U7 


1 1 - „ 

Ul3 


1 1 - , 

Ul4 






xr^ 




11- 1 11„ 1 11-- 11^ 

Ui -|- Ug -|- Uii — U3 — 


11— 

Uy 


11 - 

UI2, 










vio 




1 1 . 1 1 1 - „ 1 11 - „ 1 1 „ _ 

U4 -|- Uio + "-12 Ug 


— 11 — 

Ug 


— 11 - ^ 

Ul3, 














1 1„ 1 1 1 . 1 1 1 - - 1 1 „ 

U2 -r U4 "h Uii U3 




Ul3) 










V12 




11- 1 ii„ 1 ii„ 1 11 - _ 

Ul -|- U3 -|- Ug -|- U15 — 


1 1 „ 

U2 


1 1 . 

U4 


11 _ 

U7 


11 - J 

Ul4, 










U3 + U5 + Uio + Ui5 - 


- U4 - 




_ 11„ 

Ug 


Ul4, 










U2 + Ug + Uu + Ui5 - 


- U4 - 


Ug 


U12 


11 - J 

Ul4, 






XT'. 1- 




U3 + Ug + U12 + Ui5 - 


- U5 - 


Ug 




11 - J 










Ul + U4 + Ug + Uii - 


U3 - 


11 _ 

U5 


U7 


Ul3) 






Vi7 




U2 + U4 + Uio + Uii - 


- U3 - 


ue 


_ ii„ 

Ug 


- 11 

Ul3, 






Vl8 




Ul + U3 + Ug + U12 + Ui5 - 


_ 1 1 „ 

U2 


_ 1 1 „ 

U5 


. 11 _ 

U7 


Ul3 


Ui4, 






U2 + U5 + Uio + Uii -\ 


- Ui5 


11. . 


11^ - 


11^ 

Ug 


U12 


11-. 

Ul4 






Ul + U3 + U5 + Uio + 


Ul5 - 


112 


_ 1 1 , 


. 1 1 „ 

Ug 


11 _ 

U7 


Ul4, 


V21 




U2 + Ug + Uii + Ui5 - 


- U5 - 


- Ug - 


- Ui3 - 


- Ui4, 






V22 




Ul + U4 + Ug + Uio + Uii - 


- U3 - 


- Ug - 


U7 - 


Ug - 


Ul3, 


V23 




Ul + Ug + Uii + Ui5 - 


- U5 - 


- Uy - 


- Ui3 - 


- Ui4, 






V24 




U2 + Uio + Uii + Ui5 


- Uq 


- Ug ■ 


- Ui3 


- Ui4 






V25 




Ul + U5 + Uio + Uii H 


- Ui5 


— U4 


- Ug - 


- U7 - 


- U12 


- Ui4 


V26 




Ul + U3 + Uio + U12 H 


- Ui5 


- U2 


- Ug - 


- U7 - 


- Ui3 


- Ui4 



Indeed, recall that the elements of Z' correspond to the equivalence 
classes of the primitive nonoriented cycles in Q. Note that each such 
equivalence class is determined by a nonempty subset of the set con- 
sisting of the five inner polygons visible on the picture of the quiver 
Q. There are 2^ — 1 = 31 such nonempty subsets, 26 of them leads 
to our vectors Vj, i G [1,26], and none of the remaining five subsets 
corresponds to the equivalence class of a primitive nonoriented cycle 
in Q (they may be seen as corresponding to equivalence classes of two 
disjoint primitive cycles). 



ORBIT CLOSURES FOR DIRECTING MODULES 9 

Lemma 2.4. Let Q = Q{p, q, r, s, t) for 0<p<q<r<s<t. Then 
the ideal Icq is generated by the binomials 

S^t-s^T, ie[l,8]. 

Proof. By Proposition 2.3, it suffices to show that the above binomials 
generate the remaining binomials 

S^t-S^'i, ie[9,26]. 

This is a quite easy, but tedious verification. Hence we prove the claim 
only for i = 9 and i — 21, leaving the other cases to the reader: 

g^ti — 5'^2i — S^^ S^^^ S^^^ — S^^ S^^ S^^^ jS""^* 

_j_ ^"12 ^ ^'"IS _ 5'"14^ 

3. Deformations to toric varieties 

Let A, d and P be as in Theorem 1.2. As usual ei, . . . , 6^+5 denote 
the standard basis of Z*+^. For i,j e + 5], e[jj] = 
If X = (xi)ie[i,t+5] e and w = {wi)i^[i,t+5] e then = 

nie[i,t+5] -^i 

Our aim in this section is to prove Theorem 1.2. As the first step we 
describe the coordinate ring of Op. Note that dim Op = t + 5. Indeed, 
dim Op = dimGL(d) — dimStabGL(d)(-P), where StabGL(d) denotes the 
subgroup of all g G GL(d) such that g ■ P = P. Easy calculations show 
dimGL(d) =t + 6 and StabGL(d)(-P) — k*, thus the formula follows. 

Let $ : A;*^^ rep^(d) be given by 

$(x)c,, = [xi], i e [1, r] U [r + 6, t + 5], 
$(x)„,+i = x''[f+i.'-i[a;^+i Xr+3], 

$(x)a,+2 = X''[i-flx''[«+i''^l [-Xr+1 - Xr+4 -Xr+2 - Xr+s], 

$(x)a,+3 = X^[l'«l Xr+2l 

*(x)a,+4 = [-Xr+3 X^+ll^'x^+sX^I^+^.'+^l , 

for X = (xj)ig[i^t+5] e A;*+^. The next observation is the following. 



10 GRZEGORZ BOBINSKI AND GRZEGORZ ZWARA 

Lemma 3.1. = Op. 

Proof. Let 

[/ = {x = (a;i)ig[i,t+5] e k'+^ I X, 7^ 0, i e [1, r] U [r + 5, t + 5], 

Then is an open subset of k^^^ and $|[/ is injective, thus we get 
dim$(A;*+^) = t + 5 = dimCp. Since Op is irreducible, it is enough to 
show that $([/) C Op. Let x = (xOie[i,t+5] G C/ and X = ^::+^]. 
Then g = (grj)je[i,t+2] given by 

^. = x^[«+i.'l, ie[q + l,r], 

= x^[i.'-i det Xx^+5X^['^+6'*+3ix^[=+6'*+5i , i e [r + 2, s + 1], 
gr. = x^[i.'-i det Xxr+5X^['-+6.^+5ix^[''+6''+3i , i e [s + 2, i + 2], 

belongs to GL(d) and g ■ $(x) = P. □ 

An obvious reformulation of the above lemma says that A;[Op] = 
k[ai,..., aj+io], where oi, . . . , at+w are polynomials in k[Ti, . . . , Tj+g] 
defined by 

Ui ^Ti, ie [l,r], 

= T^[i.flT^k+i.'-l7;^2 + r^[i.fiT^k+i.'-ir^_^3, 

ai^Ti^5, i e [r + ll,i + 10]. 

As before, = n.e[M+io] w = («;,),e[i,t+io] e N*+i°. 

We order the elements of N*"*"^ by the reversed lexicographic order, 
i.e., we say that u = (Mj)je[i,t+5] is smaller than v = {vi)i(z[i^t+5] if there 
exists i e [1, t + 5] such that Ui < Vi and Uj = Vj for all j e [i + 1, t + 5] . 
The induced order of the monomials in k[Ti, . . . , Tj+s] is a term order 
in the sense of [12, 1.3]. 
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For a = J2veN^^+5 ^vT^ ^ k[Ti, . . .Tt+5], a 7^ 0, we define the ini- 
tial monomial in(a) as T", where u = max{v G N*"^^ | Av 7^ 0}. If 
^4 is a subalgebra of k[Ti, . . . jT^+s], then by the initial algebra in(74) 
of A we mean the subalgebra of A generated by {in(a) | a G A}. 
According to [9, Corollary 2.3(b)] in order to prove Theorem 1.2 it 
is enough to show that in(A;[ai, . . . , aj+io]) is finitely generated and 
normal. Using Theorem 1.3 it will follow if we show isomorphisms 
m{k[ai, Ot+io]) ~ A;[in(ai), . . . , in(at+io)] ~ k[Ov], where V is the 
point of repQ((l)jg[i^t+5]) with all matrices equal to [1]. Here Q — 
Q{p, q, r, s, t) is the quiver defined in Section 2. 

We first show the latter isomorphism, or in other words, we describe 
The method is analogous to the one apphed above in order to 
describe /c[Op]. Let ^ : — > repQ((l)ig[i,t+5]) be defined by 



for X = {xi)i(z[i^t+5] £ k^~^^. With arguments similar to those used in 
the proof of Lemma 3.1, one shows that = Oy, hence 

may be identified with the subalgebra of k[Ti, . . . ,Tt+5] generated by 
polynomials 61, . . . , 64+10, where 




Xi, i G [l,r], 

x^[i.flx^[«+i''-ixj, i G [r + 3, r + 4], 
x^[i.«la;^+4, 

x^[i.<'ia;,.+2, 
x^+iX^+sx^^i^+^.'+s], 

X.+gX.+sx'^I^+e.'+sl, 

a;^+2Xr+5x''['-+6.''+5i , 
Xi_5, i G [r + ll,t+ 10], 




V+10 



V+i 



hi 



Ti, ie[l,r], 

7;+37;+5T«[»+6.*+5i, 
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bi = Ti_5, ie [r+ll,t+10]. 

It is an obvious observation that bi = in(aj) for all i e [1, i + 10], which 
shows that A;[in(ai), . . . , in(at+io)] — ^[C'y]- 

Observe that the kernel I of the algebra homomorphism 

k[S,3r,- ■ ■,S,3t+io] k[Ti, . . .,Tt+5], Sf3^ ^ hi, 

equals the ideal Icq defined in Section 2, as both of them arc the 
ideals of Oy in repQ((l)jg[i 4+5]). By Lemma 2.4, I is generated by 

the binomials = S^^ — S^^ , i e [1,8], where vi, . . . , vg are as in 
Section 2. 

As the final step we show that m{k[ai, . . . , Ot+io]) — k[bi, . . . , h+io] 
(if this condition holds, then one says that a = (ai, . . . , flt+io) is a Sagbi 
basis of the algebra k[ai, . . . , at+w])- According to [9, Proposition 1.1] 
it is enough to show that there exist Aj^u & k, i e [1, 8], u G Jj = {v G 
N*+^° I in(a^) < in(^i(a))}, such that 

Here, a" = a'l'' ■ ■ ■ aZTo° ior u = («/3j.e[i,t+io] e and, for ^ G 
k[Sp^, . . . , 'S'^t+10], ^(ct) denotes the image of ^ via the map 

k[Sf:i^, Sfs^^^^] k[Ti, Tt+5], 8/3. ^ a^. 

But 

6(a) = 0,ze {3,4,8}, 

6(a) = -T^'i-iT,+2 = -a^[^+^"-ia,+6, 

6 (a) = -T'^fi-iT,+iT,+iT,+5T""-+«''+^> 

6(a) = T^[i.'-]T,+2T,+2T,+5T""-+«''+^i 
= a^[«+i''-ia^+6ar+ioa''[^+"-*+i°i , 
6(a) = T'^[i-riT'=i'^+i.'-iT,+2T,+4T,+5T'=['-+6.*+5] 

and the initial monomial 

in(a^+3a^+7a^['-+"--+ioi) = r*'ii.^'ir*'[''+i.'-ir^+ir^+3r^+5r^['-+6-*+5i 

is smaller than 

in(a,+4a.+ioa^[^+"-'+i°i) = in(6(a)) 

= r^[i.piT^[<i+i,r-]7;_|_27;^47;^5T^[r-+6.t+si ^ 

which finishes the proof. 
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